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1. Introduction 

In the paper jl| the Grassmann-odd linear Poisson bracket corresponding to the SO(3) 
group and built up only of the Grassmann variables has been introduced. It was found for 
this bracket at once three Grassmann-odd nilpotent Batalin-Vilkovisky type A-like differ- 
ential operators [^, ||| of the first, second and third orders with respect to the Grassmann 
derivatives. Then Q the Nambu || Grassmann-odd bracket on the Grassmann algebra 
was constructed with use of the third order A-operator. 

In |], |], U the linear Grassmann-odd Poisson bracket corresponding to an arbitrary 
Lie group and realized solely on the Grassmann variables has been proposed. Again it 
was found for this bracket three Grassmann-odd nilpotent A-like differential operators of 
the first, second and third orders with respect to the Grassmann derivatives. Later § 
with the help of the third order A-operator the Nambu-like Grassmann-odd bracket on the 
Grassmann algebra was developed. 

The purpose of the present paper is to extend this construction onto the arbitrary 
Lie supergroup realized on the supermanifolds. In particular, the linear Grassmann-odd 
Poisson bracket corresponding to the arbitrary Lie supergroup is constructed on the super- 
manifolds. Then for this bracket six Grassmann-odd nilpotent A-like differential operators 
of the first, second and third orders with respect to the derivatives are obtained. At last, 
for every Lie supergroup by means of two third order A-operators two different Nambu-like 
Grassmann-odd brackets are built up on the supermanifolds. 

2. Linear odd Poisson bracket on supermanifolds 

The operator II of the Grassmann parity inversion (see, e.g., |l(|) acts on the coordinates 
z a of the co-adjoint representation G* of the Lie superalgebra G in the following way: 

Ilz a = c a , p(c a ) = p(z a ) + 1 (mod 2), 

where c a are coordinates in TIG* and p(z a ) is a Grassmann parity of the value z a . 



The linear Grassmann-odd Poisson bracket corresponding to the arbitrary Lie super- 
group and realized on the supermanifolds has the following form: 



{A,B}i = A d Ca faff'c^ dc fj B, (2.1) 

where / a /3 7 are structure constants entering in the permutation relations 

G a G p - (-ly^M'riGpGa = f a ^G 7 

for the generators G a of the Lie superalgebra G, d and d are the right and left derivatives, 
d Ca = ^— and A, B are functions of c a . The structure constants / Q/ g 7 have a Grassmann 
parity 

Pifafi 7 ) =p(z a ) +V{zp) +p(zy) = (mod 2), 
following symmetry properties: 

= -(-l) P( * a)pM //3a 7 (2.2) 

and obey the Jacobi identity 

E (-1) p( * M * t) /«a'7/*A (2-3) 

(q/3 7 ) 

where the symbol (a/3'y) means a cyclic permutation of the quantities a, (5 and 7. 

The bracket ( |2.1| ) possesses at once six Grassmann-odd nilpotent Batalin-Vilkovisky 
type [| A-like differential operators of the first, second and third orders with respect to 
the derivatives 

A + i = ^(-l) p(cQ) c a c^0 c ,, (2.4) 
A+i = i(-l) p(cQ) c a c^/ Q /a c7 , (2.5) 
A-i = ^(-l) p(cQ) / a/ 3 7 c 7 9 c ^ CQ , (2.6) 

A_ 3 = ^(-l) p(cs)+ V 7/3 ^ Ca c ^ C7 , (2.7) 
A_ 3 = ^(-ir ic " )+1 fa^d Ca d Cl3 d Cj . (2.8) 



In the relations (2.4) and (|2.5| ) c a are coordinates in the adjoint representation of G 
which for an arbitrary semi-simple Lie superalgebra connected with co-adjoint representa- 
tion with the help of the metric g^ a 

_/3a 



that is inverse 



aa/39' 



to the Cartan-Killing metric tensor 

g«p = (-i) p{zx) f^ x W. 

The tensor with the low indices 

/a/37 = fa/3 X g\-y 

in the relations ( [2.7D and ( |2.8| ), due to the equations (|2.2D and (t^3j), has the following 
symmetry properties: 

/a/37 = -(-l) P( * Q)PM //3a 7 = -(-lf'M^fcnP- 

The operator A+i ( |2.4| ) is proportional to the second terms in the BRST-like nilpotent 
charges 



c a G n - A 



(-l) p ^ +1 c a G a - A 



The operator A_i (2.6) related to the divergence of the vector field {c a , A}\ 

A- 1 A = ~(-iy^d Cct {c a ,A} 1 

is proportional to the true Batalin-Vilkovisky A-operator || ||| for the linear odd Poisson 
bracket (2.1) and to the second terms in the following nilpotent charges: 

G a d Ca — A_i, 

(_1) P ( C .)+i Gq9cq _A _l 

The quantities c Q and (9 c a represent the operators for the ghosts and ghost momenta, 
respectively. The operator A_i ( |2.6| ) determines the linear odd Poisson bracket Q2.1| ) as a 
deviation of the Leibniz rule under the usual multiplication 

A_i(A • B) = (A_iA) • B + {-\y {A) A ■ A^B + (-1) P ^{A, B}i . 

and simultaneously satisfies the Leibniz rule with respect to the linear odd Poisson bracket 
composition 



In the present paper we show that the operators A_3 (|2.7| ) and A_3 (2.8) are related 
with the Grassmann-odd Nambu-like brackets || on the supermanifolds. These brackets 
correspond to the arbitrary Lie superalgebra. 



3. Nambu-like odd brackets 



By applying the operators A_3 (2/7) and A_ 3 (2.8) to the usual product of two quantities 
A and B, we obtain 

A_ 3 (A • B) = (A_ 3 A) • B + {-If^A ■ A^B + (-l) p(A) A(A, B), 

A_ 3 (A • B) = (A_ 3 A) • B + {-If^A ■ A_ 3 S + (-lf^A{A, B), 
where the values A(A,B) and A(A,B) are 



A(A,B) = -f^ a (-ir^ +1 A{de a A,d dj C) [(-l)^M^)+i] (d Cct d C0 A) d^B 



+ (-1) 



p(A)p(c a ) 



(d Ca A)d c ^d Cj BA {dg a A,d di C) 



(3.1) 



A(A,B) = -f a/3l (-ir^ +1 A(d da A,d dl C) [(-l)^)bK)+i] (a CQ a C/3 ^) a c7J B 



+ (-1) 



p(A)p(c Q ) 



{d Ca A)d Cp d Cl BA (de a A,d ej C) 



(3.2) 



By acting with the operators A_ 3 (|2/7j) and A_ 3 (|2.8f ) on the usual product of three 
quantities A, B and C, we come to the following relations: 

A_ 3 (A -B-C) = (A_ 3 A) • 5 • C + (-l) p{A) A • (A_ 3 5) • C + (-l) p(A)+p(B U • B ■ A_ 3 C 
+ (-lyW A(A, B)C + (-1)p( a )p( b )+p( a )+p( b ) BA{A,C) 
+ (_i)?W+p(B)iA(B, C) + (-l) p(B) {A B, C}i, (3.3) 



A_ 3 (A -B-C) = \A- 3 A) -B-C+ {-If^A ■ (A_ 3 BJ ■ C + (~i)p( a )+p( b ) A ■ B ■ A_ 3 C 

+ {-iy^A{A,B)C + (-1)p( a )p( b )+p( a )+p( b )bA(A,C) 

+ (_ 1 )p(/1)+p(b)^( B] C ) + (_ 1 ) P (B)| A) B C7} ij (3.4) 



where the last terms in the right hand sides of the (|3.3|) and (|3.4|) are the Grassmann-odd 
Nambu-like brackets 

{A, 5, C}a = (-l) p ( A )[ p ( c -) +1 ] + P( B )[ p ( c ^ +1 ] + P( c ^ +1 / 7/3 a5 Ca ^a C(3 Ba c7 C (3.5) 



O 
O 

N) 
O 
O 
-J 

o 
o 
o 



{A, B, C}i = (-l)^ A )[^ c ^ +1 ]+P( B )[P^) +1 ]+P^) +1 /^ 7 5 c ^a C/3J Ba c7 C (3.6) 

on the supermanifolds with coordinates c a . 

The divergences of the Nambu-like odd brackets ( |3.5| ) and ( |3.6| ) are related with the 
values A(A, B) Q and A(A,B) Q (see also Q) 

A(i,B) = is Ca K,AB}i, 
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The contraction of the Grassmann-odd Nambu-like bracket (^^) with the variable c a gives 



the linear odd Poisson bracket (2.1) 

= ~c a {c a , A,B} U 

whereas the contraction of the odd Nambu-like bracket ( |3.6| ) with c a gives the expression 

C a { Ca ,A£}l = (-l) P ^^ +1 A dc a fa^C, dc B, 

which is not a Poisson bracket, since it does not obey the Jacobi identity. Note also 
the following relations between the operators A_3 (p. 7]), A_ 3 Q2.8| ) and odd Nambu-like 
brackets (pi), Q: 



h-i)p^) dcadc0{Ca:C ^ A}ij 



3! 



= ^(-ly^d^d^c^A},. 



For the operator A_3 ( |2.7| ) and A_3 fl2.8|) there exists the following "Leibniz rules" 
with respect to the odd Nambu-like bracket compositions: 



A_ 3 ({A£,C}i) 



{A_ 3 A B, G)x + (-l) p{A) {A, A_ 3 £, Oi 

. 1 )p(A)[p( Ca ) + l]+p(B)[p( C7 ) + l] 

-l)^ A)+p ^A{d Coi A,d Cp B)d^C 
+ (_i)p(A)+ P (B)+ P ( CQ )+i acQj4A (Q b^C) 

+ (_ 1 )p(A)p(B)+p( C/ ,)+p(A)[p( C/ 3)+l]+p(B)[p(c Q )+l] + [p( CQ )+l][p( C/ ,)+l] 

x d^BA^A^C) 



o 
o 

isj 
o 
o 
-J 

o 
o 
o 



A- 3 ({A,B,Oi) 



{A_ 3 A 5, C}i + (-l) p(A) {A A_ 3 S, C}i 
(-1)p(^)+p( b ){A,B,A_ 3 C7}i 

_ 1 ^p(A)[p( Ca ) + l]+p(B)[p( C7 ) + l] y 

" ( _ 1) p(A) + p( C7 ) A ( 5caAj ^ B ) 
+ { _ l)p{ A) +P (B) +P {c a)+ l dcaA ~ A (Q CfjB ,d^C) 

+ (_ 1 )p(A)p(B)+p( C/3 )+p( J 4)[p( C/ 3)+l]+p(B)[p(c Q )+l] + [p(c Q )+l][p( C/ 3)+l] 

x ^BA^A^C) 



A_ 3 ({AS,C}i) 



{A_ 3 A 5, Ch + (-l) p(A) {A, A_ 3 #, C}i 
(-1)p( a )+p( b ){A,B,A- 3 Oi 

-l) p{A)+p ^A[d Ca A,d C0 B)d Cy C 

1)p (A) +P (B) +P (c a )+l dcaAA ^ 
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A_ 3 ({A£,C}i) 



+ (_ 1 )p(A)p(B)+p( C/ 3)+p(A)[p( C/ 3)+l]+p(B)b(c Q )+l] + [p( CQ )+l][p( C/3 )+l] 

x d cg BA(d Ca A,d (h C)], 
- {A_ 3 A, B, C}! + (-1) P(A) {A A_ 3 #, C}! 

+ (_l)P(^)[p(c Q )+l]+p(B)[p(c 7 )+l] y 

x (-l)^)*)A(9 Co i,^B)5 Cl C 

+ (_i)p(A)+P(B)+p( C .)+i 5caj4 A (a C/3J B,a C7 c) 

+ (_ 1 )P(A)p(B)+p(c / 3)+p(A)[p(c /3 )+l]+p(B)b(c a )+l] + [p(c Q )+l][p(c / 3)+l] 

x d ep BA{a ea A,d <h C) . 
The Grassmann parity 

p({A, B, C}) = p(A) + p(B) + p(C) + 1 (mod 2), 
symmetry properties 

{A,B,C} = -(-i)MA)+iMB)+i]{ B ,A,C} = -(-1)\pM+iMC)+i] {AjC}B} 
and Jacobi type identity 



{{A,B,C},D,E} + 
+ 
+ 
+ 
+ 



+ 



_-^\p(A)+l]]p(B)+p(C)+p(D)+p{E)] || B q jr,! ^ ^| 
. ^ ) [p(A)+p(B)] [p(C)+p(I5)+p(B)+l] d\e},A,B} 
_ 1 ^[ P (D)+p(E)][p(A)+p(B)+p(C)+l] || £, jj A i C | 

_ 1 yp(£)+i][p(A)+p(B)+ P (c)+p(D)] A ^ B ^ 

4 Up(D)+p(E)][p(4)+p(B)+|,(C)+l]+p(B)[p(Vl]+^) 



x {{D,E,B},A,C} 

l ^\p(D)+l]\p(A)+ P (B)+p(C)]+p(D)fr D A B x q E y 
1 \\p(A)+lMB)+p(C)+p(D)+p(E)]+\p(D)+l]p(E)+p(D) 

x {{B,C,E},D,A} 
+ 



1 \\p(B)+lMC)+p(D)+p(E)]+p(B) r ^ £,1 ^ ^| 
1) \P(B)+1] [p{C)+p{D)+p(E)+l] + [p(D)+l] [p(E)+l] 



x {{A,C,E},D,B} = (3.7) 
follow from the expressions and ( |3. 6|) for the odd Nambudike brackets, where either 

{A,B,C} = {A,B,C}i 



or 



{A,B,C} = {A,B,C}~ V 



Note that the structure of ( |3.7D is different from the structure of the "fundamental 



identity" [12], which has four terms, and, containing ten terms, is similar to the structure 
of the "generalized Jacobi identity" |l^, 14, 15] and to the "(J2)-structure" [16], which is 



intimately related to the homotopy algebras [17] and SH- algebras [|T 



4. Conclusion 



Thus, by using the Grassmann-odd nilpotent differential operators A_3 (2/7) and A_3 fl2.£| ) 
of the third order with respect to the derivatives, we constructed two different Grassmann- 
odd Nambu-like brackets (p^q ) and (3.6), respectively, which correspond to the arbitrary 
Lie superalgebra and are realized on the supermanifolds. The main properties of these 
brackets are also given. 

It would be interesting to consider the dynamics based on these brackets. The work 
in this direction is in progress. 
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